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Let m, n,, n2, . . . , n,,, and c be positive integers. Let A = {A,, A,, . . . , A,,,} be a system of 
sequences of integers Ai =(a&~+,<. . -q,,.); i = 1, . . . , m, and let Di = 
{aii -qk 11 Sk <j<qni) be the difference set of Ai. Then S ={D,, D,, . . . , D,,,} is a perfect 
system of difference sets if 
D=D,UD,U- .eUD,,,= c,c+l,...,c-1+ 
Such a system is triuial if n, = 2 for at least one i. Paul Erdos conjectured that, for every 
positive integer e, except for a finite number of them, there is a non-trivial perfect system of 
difference sets whose differences are the first e positive integers. These exceptions are discussed 
and a proof of the conjecture is given. 
1.De4idomandnotatioDs 
Let m, nl, n2,. . . , n, and c be positive integers. Let A = {A,, A2, . . . , A,,,} be a 
system of sequences of integers 
Ai=(ql<q2<***<qq); i=l,...,m (1.1) 
and let 
Di=(~~-~k 1 lSk<j<q} 
be the difference set of Ai. We shall say that the system 
S={D1,Dw..,DmI 
is perfect for c if 
D=D1UD2U...UD,,,= . 
Each Di is called a component of the system. The size of Di is (q - 1). A perfect 
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system is trizkzl if at least one of its components is of size 1. We shall only 
consider non-trivial systems. 
The difference triangle of a component Di is a triangular array of the form 
shown in Fig. 1. The size of a component is thus the number of rows of its 
difference triangle. Every perfect system of difference sets contains some compo- 
nent of size G4; cf. [S]. 
( **. 
aiq - ai I 
a,.,i-l--ail a,?$-ai 
. . . . . . . . . 
,qF$& 
Fig. 1. 
j 1 
We define 
for i=l,..., m; k=l,..., q-l; j=l,..., q-k. 
The difference triangle of Di can then be written in the form of Fig. 2. 
. . . . . . 
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A perfect system is regular if its components 
nl=n2=- - . = PI,,, = n, we call the system a perfect 
2.TheiInitesetofexeeptions 
are all of the same size. If 
(m, n, c)-system. 
Let E be the set of all values of e such that there is some non-trivial perfect 
system of difference sets whose differences are the first e natural numbers. Let 
F=N\E. 
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A component of size n, contains 
? 
j;Ij=j?&(?&+l)= q;l 
( ) 
differences; call a number x triangular if x = (T) for some integer m ; thus the 
number of differences in a component is a triangular number, and it is greater 
than 1 since the system is non-trivial. Therefore every integer 
expressed as a sum of triangular numbers greater than 1 is in E 
are 1, 2, 4, 5, 7, 8, 11, 14 and 17. 
that cannot be 
These numbers 
2.1. A component of even size contains an even number of odd diflerences. 
Proof. The difference (1.2) is odd if and only if one of @,j+k and qj is odd and the 
other one is even. Suppose Ai contains bi odd and q even elements. Then Di 
contains exactly biq odd differences. A component of even size is defined by a 
sequence Ai of the form (1.1) containing an odd number of elements a,,. Hence 
bi + q is odd and thus one of bi and q is odd and the other is even. Hence bit is 
even. 
As sums of triangular numbers greater than 1, the numbers 10, 13, 20, 23 and 
26 can only be written as 
10 = 10, 
13=10+3 
20=10+10, 
23=10+10+3 
26= 10+10+3+3, 
(2-l) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
or 
26=10+10+6. (2.6) 
The cases (2.1), (2.2) and (2.5) are eliminated by 2.1, since they involve an odd 
number of odd differences and components of even sizes only. The case (2.3) is 
eliminated by [2, Proposition 5.11. The proof that (2.4) and (2.6) must also be 
eliminated involves a large number of elementary steps and shah not be reported 
here (it has been confirmed by a complete computer search). So we state: 
2.2. The numbers 10, 13, 20, 23 and 26 are in E 
3. A vf of the eonjeetore 
We shall prove the conjecture by explicit descriptions. 
The components of our systems shall be mainly of size 2, sizes 3 and 4 being 
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added when necessary. These components contain 3, 6 and 10 differences 
respectively. Our systems shall thus contain 0, 1 or 2 components of size 4 
according as e ~0, 1 or 2 (mod 3), since 4 is the smallest size for which the 
number of differences, 10, is not divisible by 3. In view of 2.1 they must contain 
one component of size 3 if e = 1 or 2 (mod 4) and shall usually contain none if 
e =O or 3 (mod 4). altogether, we shall have to consider twelve different cases. 
For e = 0 and 3 (mod 12), the sequences provided by Skolem in [7, Theorem 21 
can easily be adapted to describe perfect (4k, 3, 1)- and (4k + 1,3, 1)-systems; for 
e = 12k, the systems are described by the following formulae, valid for all natural 
values of k: 
1 5k 5k+l 
4k-1 6k+1 10k 
4k-2j+2 8k+j-1 12k-j+l j=1,...,2k 
4k-2j-1 4k+j 8k-j-l j=l,...,k-1 
2k-2j-1 5k+j+l 7k-j j=l,...,k-2 
2k-1 6k 8k-1 (for k ~2 only) 
For e = 3, we take the single component 
3 &!I 1 2 
and, for e = 15, we take 
1 14 15 
2 7 9 
3 10 13 
4 8 12 
5 6 11 
For e=12k+3, ka2, we have 
1 5k+2 5k+2 
2k-1 6k+3 8k+2 
4k+l 6k+2 lOk+3 
4k-2j+2 8k+j+2 12k-j+4 j=1,...,2k 
4k-2j+l 4k+j+l 8k-j+2 j=l,...,k 
2k-2j-1 5k+j+3 7k-j+2 j=l,...,k-2 
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For e = 6 and 9 (mod 12), our construction uses perfect (m, n, 3)-systems 
defined by Bermond, Brouwer and Germa in [l, Theorem l] and complete them 
by an additive method that was mentioned in [2, Proposition 4.21 and studied 
systematically by Rogers in [6]. 
For e = 6 (mod 12), suppose e = 12k + 6. We consider the following component 
of size 3: 
which is, by itself, a valid system for k = 0. For k 2 2, we complete it by formulae 
adapted from Cl]: 
d$’ d;;’ d;:’ 
4k+l 5k+3 9k+4 
4k+l 6k+3 lOk+5 
4k-1 6k+4 lOk+3 
2k 8k+4 10k +4 
4k-2j+2 4k+j+2 8k-j+4 j=l,...,k 
2k-2j+l Sk+j+3 7k-j+4 j=l,....k-1. 
4k-2j-1 8k+j+4 12k-j+3 j=l,...,k-1 
2k-2j 9k+j+3 ilk-j+4 j=l,...,k-2 
For k = 1, we take the following system: 
and 
d(l) 
il 
1 
2 
d;;’ d;;’ 
15 16 
8 10 
d;;’ d$’ di:’ 
3 14 17 
4 9 13 
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Let e = 12k +9. For k = 0, we take the system 
and for k 2 1 we complete the following component of size 3 
by the following components if k = 1 
d$;’ d;;’ d;;’ 
3 11 14 
4 9 13 
5 12 17 
d$’ d{;’ d$’ 
6 10 16 
7 8’ 15 
and by the following ones if k 22: 
4k+2 Sk+4 9k+6 
4k+3 6k+4 lOk+7 
4k+l 6k+5 lOk+6 
2k 8k+5 lOk+5 
4k-2j+2 4k+j+3 8k-j+5 j=l,...,k 
2k-2j+l 5k+j+4 7k-j+5 j=l,...,k-1 
4k-2j+l 8k+j+5 12k-j+6 j=l,_..,k 
2k-2j 9k+j+6 llk-j+6 j=l,...,k-2 
We have thus proved the following: 
Theorenr. For every positive integer t, there is a non-trivial perfect system of 
diflerence sets whose differences are 1,2, . . . , 3t and consists of components of size 
2 and at most one of size 3 (cf. [3, Theorem 3-j). 
This theorem is proved in [4]. The proof presented here is a simplification of 
the one in [4] and is due to a suggestion of A. Kotzig. 
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In [ 1, Theorem 21 are provided some perfect systems of triplets of integers that 
are easily transformed into perfect (m, n, c&systems for c * 2 and m = 2c - 1 
(mod 4), m 2 2c - 1. We shall use them now to solve the Erdijs conjecture for the 
remaining values of e. They are described by two sets of formulae, depending on 
the parity of c. If c is odd, let c = 2d- 1, m = 4k + 1, and use the formulae 
displayed in Table 1. 
Table 1 
2k+l 
4k+2 
2d+2j-2 
2k+2j+l 
4k-2d+2j+3 
4k+2j+2 
4k-2d+2j+2 
4k+2j+l 
2d +2j-3 
2k+2j 
6k+3d-1 8k +3d 
5k+3d-2 9k+3d 
6k+2d-j 6k+4d+k-2 j=l,...,k-d+l 
5k+3d-j-2 7k+3d+j-1 j=l,...,k-d+l 
4k+4d-j-3 8k+2d+j j=l,...,d-1 
4k+3d-j-2 
6k+4d-j-1 
l;“,;“,“,;;+l ;,;,...,d-2 
,d-1 
6k+3d-j-1 10k+2d_J+2 :;;;;f;:‘_l ;$:>d-1 
,k-d+l 
9k+3d-j llk+3d+j j=l:::: ,k-d+l 
If c is even, let c = 2d, m = 4k + 3, and take the formulae displayed in Table 2. 
Table 2 
2k+2 6k+3d+3 8k+3d+5 
4k+4 5k+3d+2 9k+3d+6 
2d+2j-1 6k+2d-j+4 6k+4d+j+3 j=l,...,k-d+l 
2k+2j+2 5k+3d-j+2 7k+3d+j+4 j=l,...,k-d+l 
4k-2d+2j+4 4&+4d-j+l 8k+2d+j+5 j=l,__.,d-1 
4k+2j+3 4k+3d-j+2 8k+3d+j+5 j=l,...,d-1 
4k-2d+2j+3 6k+4d-j+4 lOk+2d+j+7 j=l,...,d 
4k+2j+4 6k+3d-ii-3 lOk+3d+j+7 j=l,...,d-1 
2d+2j-2 lOk+2d-j+8 lOk+4d+j+6 j=l,...,k-d+l 
2k+2j+l 9k+3d-j+6 llk+3d+j+7 j=l,...,k-d+l 
Each (m, n, c)-system described by Table 1 or 2 is uniquely determined by a 
pair d, k. We shall complete them into systems whose smallest difference is 1 by 
adding to them the eight ‘constructions’ described below. But we first list the 
formulae used in each case, the specific values of d and k (the smallest admissible 
value of k is d - 1) and the values of e covered by the completed systems. See 
Table 3. 
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Table 3 
value of 
e(mod 12) formula d k values of e 
1 
2 
4 
5 
7 
8 
10 
11 
(3.1) 5 z=4 273 
(3.2) 6 35 398 
(3.2) 4 23 a64 
(3.2) 7 26 3113 
(3.1) 4 a3 355 
(3.2) 8 a7 3128 
(3.2) 5 24 282 
(3.1) 7 S6 3107 
I 
Construction for e = 12(k+2)+1= 12k’+25; ka4. 
12k +24 
12k+21 12k+22 
I ’ I 
6 
2 4 
1 12k+13 12k+14 
7 12k + 16 12k +23 
Construction for e =12(k+3)+2=12k+38, ka5. 
12k + 35 12k + 38 
12k+28 12k+34 12k+29 12k+32 
12k+25 12k +27 10 
I ’ I 
12k+23 12k+30 
1 12k+24 3 I 7 6 2 12k+21 9 
d!” Cl d!;’ d!2’ 11 
5 12k+31 12k+36 
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Construction for e =12(k+2)+4=12k+28; ks3. 
12k + 28 
d;;’ d$’ d:;’ 
3 12k+18 12k+21 
4 12k + 19 12k +23 
7 12k+17 12k+24 
Construction for e =12(k+3)+5=12k+41, ka6. 
12k + 39 12k +41 
12k+36 12k+29 
12 
10 2 12k+24 3 12k+23 7 I 
d;;’ di;’ d;:’ 
4 12k+33 12k+37 
13 12k + 25 12k + 38 
Construction for e = 12(k + 1) + 7 = 12k + 19; k 2 3. 
12k + 19 
12k+17 12k+18 
6 12k + 16 12k + 13 
I 1 5 12k+ll 2 
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3 12k + 12 12k + 15 
4 12k+lO 12k+14 
Construction for e=12(k+3)+8=12k+44; ka7. 
I I 
12 12k + 35 
3 10 12k + 34 
2 I 1 9 12k +25 
112k+32 (12k+36( 
11 12k +30 12k +41 
14 12k +29 12k +43 
15 12k +27 12k +42 
Constmction fore=12(k+2)+10=12k+34; ka4. 
112k+291 
9 12k+22 12k+20 
6 
I 
3 
1 
4 
2 12k+31 12k+33 
7 12k+27 12k+34 
8 12k+24 12k+32 
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Construction for e = 12(k+2)+11= 12k+35; ks6. 
12k+31 
12k +20 12k +27 12k +30 12k +29 
12k+19 11 7 12k +23 12k +24 
1 12k+16 3 8 I 2 5 12k+18 6 
d$’ d;;’ d$’ 
2 12k+30 12k+34 
9 12k+26 12k+35 
10 12k + 22 12k + 32 
12 12k + 21 12k + 33 
This completes the proof of the conjecture. 
4.ThesetsEandF 
Our proof shows that no multiple of 3 and no integer greater than 117 is in E 
Can we be more specific? 
By subtracting 12k + 3 from every difference involving k in the constructions 
for e = 1, 7 and 11 (mod 12) and then subtracting 12k + 9 from every difference 
involving k in the constructions for e ‘2, 4, 5, 8 and 10 (mod 12), one obtains 
perfect systems for e = 22, 16 and 32, then 29, 19, 32, 35 and 25 respectively. For 
each of the congruence classes 1, 4, 5, 7, 8 (represented twice), 10 and 11 
(mod 12), these are the smallest values of e for which perfect systems exist (cf. 
Section 2). For e =2 (mod 12), this number is 38; it ‘is reached by the following 
system: 
38 30 
37 36 25 21 
10 35 28 13 16 17 
2 8 27 1 9 4 12 5 
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7 24 31 
11 22 33 
14 18 32 
15 19 34 
We had no problem finding perfect systems for all values of e between 27 and 
117, but could find 
that, as suggested in 
F={l, 2,4, 
no general formulas describing them. We simply conclude 
our Section 2, 
5,7,8,10,11,13,14,17,20,23,26} 
We thank Prof. A. Kotzig, who informed us of the Erdiis conjecture and for his 
helpful suggestions during the preparation of the manuscript. We also benefited 
from discussions with Jaromir Abrham, Douglas Rogers and Joseph Zaks. 
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